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Motivation

In quantum mechanics, the state of a system of n identical and
indistinguishable particles can be expressed by a wavefunction Ψ(x1, ..., xn)
where xi denotes the position of the i’th particle.

The particles being
indistinguishable implies that the exchange of particles should not change
the probability density function, that is, if we exchange the i’th and the
j’th particles then we must have

|Ψ(x1, ..., xi , ..., xj , ..., xn)|2 = |Ψ(x1, ..., xj , ..., xi , ..., xn)|2

If we denote by α the phase picked up after an exchange, then after two
exchanges we must have α2Ψ(x) = Ψ(x) and thus α = ±1. This leads us
to the case of bosons when α = 1 and fermions when α = −1.
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Motivation

For a long time this was believed that all particles could be classified as
one of these two, but this is not the case.

This limitation comes from the
observation that if we exchange two particles twice, this is equivalent to
taking one around the other.So in 3-dimensions taking one particle around
the other is topologically equivalent to not moving the particle at all, so
we must end up with the same state.
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Motivation

If we instead consider the particles living in 2-dimensions, then when we
try taking one around the other, then we end up with two distinct
non-equivalent paths

In this case, instead of simply picking up a sign, the wavefunction picks up
a complex factor e iθ.

This type of particles are known as abelian anyons,
since they can pick up any phase.There are also non-abelian anyons, where
instead of simply picking up a phase factor, the wavefunction gets
transformed by a unitary matrix.

Our goal will be to try to formally explain this.
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Definition (Geometric Braid)

A geometric braid on n strings is a 1-manifold b = a1 ∪ a2 ∪ · · · ∪ an
embedded in R2 × I such that:

For each ai the projection pr2|ai : R2 × I → I is an homeomorphism;

b ∩ (R2 × {0}) = {(1, 0), (2, 0), ..., (n, 0)} × {0}
b ∩ (R2 × {1}) = {(1, 0), (2, 0), ..., (n, 0)} × {1}
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Geometric Braids

We say that two geometric n-braids b and b′ are equivalent (or isotopic) if
there is a continuous sequence of geometric n-braids bs (s ∈ [0, 1] with
b0 = b and b1 = b′).

This is an equivalence relation on the set of geometric n-braids and as
such we can partition this set into equivalence classes of geometric
n-braids. We call each equivalence class [b] an n-braid.

We can also define an operation on the set of geometric n-braids by
concatenating the braids vertically. If we have two n-braids b1 ⊂ R2 × I1
and b2 ⊂ R2 × I2 and we identify I1 with [0, 1/2] and I2 with [1/2, 1] then
we define b1b2 ⊂ R2 × (I1 ∪ I2) to be the product of b1 and b2.
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Geometric Braids
It should be easy to see that if [b1] = [b′1] and [b2] = [b′2], then
[b1b2] = [b′1b

′
2]. So this product on geometric n-braids extends to a

product on n-braids.

The set of n-braids, with this product, forms a group Bn called the braid
group.
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Braid Group

Theorem (Artin)

The group Bn admits a presentation with generators {σ1, σ2, ..., σn−1} and
relations

σiσi+1σi = σi+1σiσi+1 if 1 ≤ i ≤ n − 2

σiσj = σjσi if |i − j | ≥ 2
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Symmetric Group

The Symmetric group Sn admits a presentation similar to the braid group.
It is generated by {τ1, τ2, ..., τn−1}, where each τi is the adjacent
transposition τi = (i , i + 1), and relations

τiτi+1τi = τi+1τiτi+1 if 1 ≤ i ≤ n − 2

τiτj = τjτi if |i − j | ≥ 2

τ2
i = 1

They only differ on the last relation and while it seems like a small
difference but it is significant. For instace, the order of Sn is n!, while the
order of Bn is infinite for n ≥ 2.
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Configuration Space

Definition (Configuration Space)

Given a topological space M, the configuration space Fn(M) of n ordered
points is

Fn(M) = {(p1, p2, ..., pn) ∈ M ×M × ...×M : pi 6= pj if i 6= j}

We can think of this as n distinguishable particles sitting on a topological
space M and any path in this configuration space is therefore associated
with an exchange of particles.

Consider now the natural action of Sn on Fn(M), given by

Sn × Fn(M)→ Fn(M)

(τ, (p1, ..., pn)) 7→ (pτ(1), ..., pτ(n))

If we take the orbit space of this action, we end up with the configuration
space of n unordered points Cn(M) = Fn(M)/Sn
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Some topological concepts

As before, we can think of this new configuration space as n particles
sitting on a topological space M, but now they’re indistinguishable instead,
since we took the quotient over all possible permutations. Paths in this
configuration space are once again associated with exchanges of particles.

So if we’re interested in understand how these exchanges work, we need
first to introduce the concept of path and some related notions.

Definition (Path)

Let M be a topological space and x0, x1 points in M. A continuous
function f : I → M is a path from x0 to x1 if f (0) = x0 and f (1) = x1.
A loop at a point x0 is a path where f (0) = f (1) = x0.
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Some topological concepts

Definition (Homotopy)

Let N,M be topological spaces and f , g : N → M be continuous maps.
We say that f and g are homotopic, if there is a continuous function
H : N × I → M such that H(x , 0) = f (x), H(x , 1) = g(x) for all x ∈ N.
The map H is called an homotopy between f and g .

Homotopy defines an equivalence relation and thus we can partition our
continuous maps into equivalence classes of homotopic maps. These are
called homotopy classes.
If instead of taking generic continuous maps between topological spaces N
and M, we took loops in some topological space M and considered their
homotopy classes, we’d end up at the ideia of the fundamental group.
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Some topological concepts

Definition (Fundamental Group)

Let M be a topological space and x ∈ M. The fundamental group
π1(M, x) is the the set of homotopy classes of loops at x , with
multiplication given by [f ] ? [g ] = [fg ] where fg is defined as the
concatenation of loops

(fg)(t) =

{
f (2t) if 0 ≤ t ≤ 1/2

g(2t − 1) if 1/2 ≤ t ≤ 1

This forms a group and in the case of a path connected space M, π1(M) is
independent of the base point x , up to isomorphism
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Relation between braids and configuration spaces

The next theorem gives us the important connection between braids and
anyons.

If we imagine the braids as the evolution in time of the process of particles
exchanging places, then a loop in Cn(R2) is simply the evolution of the
particles traversing the braid projected onto R2.

Theorem

Bn
∼= π1(Cn(R2, p)) where p = {(1, 0), (2, 0), ...(n, 0)}

Proof sketch.

Consider the map φ which sends a geometric braid b to the loop
φ(b) : I → Cn(R2) where t 7→ {r1(t), ..., rn(t)} and each ri (t) is the
intersection of the i’th string bi of b with R2 × {t}. It is clear that φ is
continuous and defines a loop. It can be checked that this map extends to
braids, that is, equivalent braids map to the same homotopy class, and
that it is bijective.
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Relation between symmetric group and configuration
spaces

So we have that the fundamental group of the configuration space on R2

is isomorphic to the braid group on n strands. But what about the
fundamental group of a space with dimension greater than 2? We need a
lemma

Lemma

If X is a simply connected topological space and G a discrete group acting
continuously on X , and ∀x ∈ X ∃U ⊂ X open neighbourhood of x such
that U ∩ g(U) = ∅, ∀g ∈ G, then π1(X/G ) ∼= G
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Relation between symmetric group and configuration
spaces

Theorem

π1(Cn(Rm)) ∼= Sn for m ≥ 3

Proof.

For m ≥ 3 Fn(Rm) is simply connected and the action of Sn, as defined
before, is continuous. If we take p = (p1, ..., pn) ∈ Fn(Rm) then we can
find open neighborhoods U1, ...,Un ⊂ Rm of p1, ..., pn respectively, such
that diam(Uk)< 1

2 min(d(pi ,pj)), then U = U1 × ...× Un is an open
neighborhood of p, and the previous lemma is satisfied (by construction of
U). Thus π1(Cn(Rm)) ∼= Sn for m ≥ 3.



Relation between symmetric group and configuration
spaces

Theorem

π1(Cn(Rm)) ∼= Sn for m ≥ 3

Proof.

For m ≥ 3 Fn(Rm) is simply connected and the action of Sn, as defined
before, is continuous. If we take p = (p1, ..., pn) ∈ Fn(Rm) then we can
find open neighborhoods U1, ...,Un ⊂ Rm of p1, ..., pn respectively, such
that diam(Uk)< 1

2 min(d(pi ,pj)), then U = U1 × ...× Un is an open
neighborhood of p, and the previous lemma is satisfied (by construction of
U). Thus π1(Cn(Rm)) ∼= Sn for m ≥ 3.



Representations

In a quantum system, evolution operators are characterised by unitary
representation of the fundamental group of the configuration space.

This
makes more sense if one is familiar with the path integral formalism of
quantum mechanics.From this perspective each element of π1(Cn)
corresponds to a particle exchange process and thus a representation of an
element [γ] corresponds to a unitary operator ρ([γ]) which transforms the
system according to the exchange specified by [γ].

We’ll now see how different representation of π1(Cn), and thus either Sn or
Bn, correspond to different kinds of particles.
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element [γ] corresponds to a unitary operator ρ([γ]) which transforms the
system according to the exchange specified by [γ].

We’ll now see how different representation of π1(Cn), and thus either Sn or
Bn, correspond to different kinds of particles.



One-dimensional Representations

Take ρ : G → U(1), where G = Bn or Sn to be a one-dimensional unitary
representation.

We need to assign some complex number of norm 1 to each
generator. From the relations before we must have

ρ(σi )ρ(σi+1)ρ(σi ) = ρ(σi+1)ρ(σi )ρ(σi+1) (1)

⇒ ρ(σi ) = ρ(σi+1) (2)

Thus ρ maps every element of G to the same complex number e iθ.
For the case of G = Sn we have the extra relation σ2

i = 1, implying that
ρ(σi )

2 = e2θi = 1 and thus we must have that θ is either 0 or π, and thus
z = 1 or z = −1.
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Higher-dimensional Representations

The representation ρ gives the phase multiplying the wave function under
particle exchange, and so this result means that in three dimensions and
higher, there are exactly two types of wave functions: a symmetric one
corresponding to bosons and an antisymmetric corresponding to fermions.

If we instead take G = Bn, then we don’t have the previous condition that
restricted the freedom of our assignment. In this case we can take θ to be
any value in [0, 2π). Particles realising such representations are called
abelian anyons.
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Higher-dimensional Representations

To achieve non-abelian anyons we must look at higher dimensional unitary
representations of the braid group.

Let us more specifically look at representations of B3 in SU(2).
We begin with the structure of SU(2). Any element of SU(2) can be
represented by a matrix

M =

(
z w
−w z

)
where z ,w ∈ C and |z |2 + |w |2 = 1.
The key ideia here is that we can identify SU(2) with the real algebra
generated by the quaternions.To see this write z = a + bi and w = c + di .
Then an element M of SU(2) has the form

M = a

(
1 0
0 1

)
+ b

(
i 0
0 −i

)
+ c

(
0 1
−1 0

)
+ d

(
0 i
i 0

)
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Higher-dimensional Representations
Writing

1 =

(
1 0
0 1

)
i =

(
i 0
0 −i

)
j =

(
0 1
−1 0

)
k =

(
0 i
i 0

)
we see that i2 = j2 = k2 = −1, ij = k , jk = i ,ki = j , ji = −k , kj = −i ,
ik = −j , so any M, element of SU(2), can be identified with a quaternion.

With this identifications we arrive at a theorem that classify all
representations of B3 in SU(2)

Theorem

All representations of B3 in SU(2), except the one mapping each generator
to plus or minus the identity, is of the following form

ρ(σ1) = a + bu, ρ(σ2) = a + bv , a2 − 1

2
= (v · u)b2, a2 + b2 = 1

where u and v are pure quaternions, that is, they have no real part.
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Example: Majorana fermions

Take g = a + bu and h = a + bv and suppose that u · v = 0. Then by the
previous theorem we get a2 = 1

2 and a2 + b2 = 1, which means that
a = b = 1√

2
.

Since we assumed that u · v = 0, and i , j and k are all orthogonal, then we
have for the braiding generators the three operators

A =
1√
2

(1 + i), ,B =
1√
2

(1 + j), C =
1√
2

(1 + k)

They satisfy the braiding relation pairwise, ABA = BAB, BCB = CBC ,
ACA = CAC .



Example: Majorana fermions

Take g = a + bu and h = a + bv and suppose that u · v = 0. Then by the
previous theorem we get a2 = 1

2 and a2 + b2 = 1, which means that
a = b = 1√

2
.

Since we assumed that u · v = 0, and i , j and k are all orthogonal, then we
have for the braiding generators the three operators

A =
1√
2

(1 + i), ,B =
1√
2

(1 + j), C =
1√
2

(1 + k)

They satisfy the braiding relation pairwise, ABA = BAB, BCB = CBC ,
ACA = CAC .



Example: Majorana fermions

Take g = a + bu and h = a + bv and suppose that u · v = 0. Then by the
previous theorem we get a2 = 1

2 and a2 + b2 = 1, which means that
a = b = 1√

2
.

Since we assumed that u · v = 0, and i , j and k are all orthogonal, then we
have for the braiding generators the three operators

A =
1√
2

(1 + i), ,B =
1√
2

(1 + j), C =
1√
2

(1 + k)

They satisfy the braiding relation pairwise, ABA = BAB, BCB = CBC ,
ACA = CAC .



Example: Fibonacci anyons

Take g = e iθ = a + bi and h = a + b[(c2 − s2)i + 2csk], where

c2 + s2 = 1 and c2 − s2 = a2−b2

2b2 .

We can now write g and h in matrix
form, but instead of explicitly writing H, we instead write F ∈ SU(2),
where H = FGF ∗

G =

(
e iθ 0
0 e−iθ

)
F =

(
ic is
is −ic

)
The simplest example of this is given by g = e7πi/10, f = τ i +

√
τk and

h = fgf −1, where τ2 + τ = 1. They satisfy the braiding relation
ghg = hgh and generate a representation of B3 that is dense in SU(2).
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